Class: General Sciences Mid-Year Exam

Subject: Mathematics

I- (1 point)
In the table below only one, among the proposed answers to each question, is correct. Write down the

number of each question and give, with justification, the corresponding answer.

] Proposed Answers
Questions
A B C

A and B are two events such that

1) | P(A) =0.3 and P(AUB) = 0.45. 0.05 0.15 0.25
P(A NB)=
The coefficient of x4y15 in the

2) ] 5 3.7, —-6048 6048 =21
expansion of (3x”—2y’)"is:

Il- (3 points)

Remark: The parts of this question are independent.

—

1) Inan orthonormal system (O ;i ,T), consider the points A(—2, 0), B(1, 0), and D(2, 0). Let (C) be
a variable circle that is tangent to the abscissa axis at point B. Let M be the common point
between the tangents to (C) at points A and D.
Prove that M moves on a conic (H) whose equation is to be determined.
2) Let (Cmm) be the family of curves of equation: x*> + my® — 2x — m? + 6m — 8 = 0, where m is a real
parameter. Study, according to the values of m, the nature of (C,).
lll- (3 points)

In an orthonormal system (O; T,T), consider the ellipse (E) of principal vertex A(1, 0), directrix (D) of

equation x = 3, and eccentricity e = E

1)
2)

3)

4)

5)

Specify the focal axis of (E) and verify that O is a focus of (E).
Prove that A’(-3, 0) is the second principal vertex of (E), and deduce the center | of (E) and its
second focus F.

a- Write an equation of (E).

b- Specify the coordinates of the secondary vertices B and B’ of (E).

Let L be the common point of (E) with the ordinate axis (having a positive ordinate) and H be the
common point of (D) with the abscissa axis. Prove that the straight-line (LH) is tangent to (E).
Calculate the area of the region limited by (E), the abscissa axis, the straight-line (LH), and the
straight-line (d) of equation: x = —1.
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IV- (3 points)

In a coeducational secondary school, the physician found that 60% of the students are males.
Among those males, 20% wear eyeglasses. Three quarters of the females do not wear eyeglasses.

Part A
One student is chosen randomly from this school.
1) Calculate the probability that the chosen student is a male who wears eyeglasses.
2) Calculate the probability that the chosen student is a female given that she wears eyeglasses.

Part B
The director of the school wants to choose a group of three students randomly to represent the school
abroad. He knows that the school has 250 students.
Consider the following events:
Mi: “The chosen group consists of one male and two females.”
W: “The chosen students wear eyeglasses.”
1) Construct a table that summarizes the above information.
2) Calculate the following probabilities: P(M; / W) and P(M1 mW).

3) Let X be the random variable that designates the number of males in the chosen group.

a- ProvethatP(X=1)= %
5146
b- Find the probability distribution of X.
c- Prove that the expected value (mathematical mean) of X is 1.8 .
d- Find the distribution function of X and draw its representative curve (C).

V- (3 points)
V2

Let (U,) be a numerical sequence defined by: Ug=0and U, = 7,/1+Un , Where n is a natural number.

Part A
2
1) Prove, by mathematical induction, that TS U, <1,wherenz1.

2) Show, by mathematical induction, that (U,) is an increasing sequence.
3) Deduce that the sequence (U,) is convergent and determine its limit L.

Part B
1+ cosx X
1) Prove, for every real number xin [0, i, that: 1/7 :cos(z).
I1+cos2
(Hint: You may use the formula: cos® o = %.)

2I’H~

L . T .
2) Prove, by mathematical induction, that U, = cos(—lj, where n is a natural number.

3) Find, again, the limit L of U,,.
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VI- (7 points)

Part A

X

Let f be a function defined, on [0, +oo[, by: f(x) = %. (C) is the representative curve of f in an

—X

orthonormal system (O; TT)
1) Study the variations of f, then draw (C).
2) Consider the function h defined, on [0, + oo [, by: h(x) = f(x) — x.
a- Solve the equation: e*—e™-2=0.
b- Prove that h admits a minimum m that is strictly positive. Give an approximate value of m to
the nearest 10°°.
3) Consider the sequence (U,) defined by: Ug = 1 and U, = f(U,), where n is a natural number.
a- Prove that Un,; — U, is bounded below by m.
b- Deduce that U, 2 Uy + n.m, then deduce the limit of U,.
4) Let a be a given real number. Discuss, graphically, the number of roots of the equation f(x) = a.

Part B
Let g be a function defined, on [1, + o[, by: g(x) = In(x +x° —1). (G) is the representative curve of g in
the previous system (O; T_f)

1) Study the variations of g.

2) Let (D) be the straight-line of equation: y = x. Draw (G) and (D).

3) Sami states that (C) and (G) are symmetric with respect to straight-line (D). Is Sami right? Justify
your answer.

GOOD WORK
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Mid-year Exam
Answer Key
Second (Sciences)

Question | Mark
1)|B 12) |A leach
Question 11 Mark
MA — MD = (MN + NA) — (MR + RD) = M
MN + AB-MR -DB =3 -1 =2 = constant.
M moves on a branch of a hyperbola of foci A N
2
andD. x* - Y =1
1) 3 R 3
A B D
e Ifm=0: (x—1)>-9=0; (Co) = (D) U (Dy), where (D1): x =4 and (Dy): x = —2
e Ifm=1:(x—1)*+y®=4; (Cy) is acircle
e Ifm=0and m=1: (x—1)° + my? = (m — 3)?
= I1fm=3: (x—1)?+3y* = 0; (Cs) is the point (1, 0)
_ 2 2
2) = Ifm=3: (x 1)2+ Y ~=1 ’
(m-3)°  (m-3)
m
o Ifm<0:(Cp) isahyperbola
o Ifm>0andm=0and m=1andm=3:(Cp) isan ellipse
Question 111 Mark
e The focal axis is the abscissa axis since the directrix is vertical and A belongs to
0 the abscissa axis 05
o RO 1 =e, then O is a focus of (E) 0.5
d(A,(D) 2
A'O 1 .
o , ==—=e, then A’ € (E); but A’ € (F.A.), then A’ is the second vertex of
d(A',(D)) 2 0.5
2) (E) 0.5
e | midpoint of [AA'], then I(-1, 0) 0.5
¢ | midpoint of [OF], then F(-2, 0)
2 2
3) 4 3
b- | B(-1,V3)and B'(-1,-43) 0.25
0.25
2) L(OEJ; H(3, 0): Slope (LH) = —% —y'Land H e (E) 1
5) | Area = Area of triangle — %na b=4- —nf ~ 1.28u° 1
Question IV | Mark
Part A
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1) | P(M n W) =0.12 0.5
PFNW 0.1 5
2) | PE /Wy = PEOW)_ _> 1
P(W) 0.12+0.1 11
Part B
M F
wW 30 25 55
1) W 120 75 195 05
150 100 250
C;,xC3. 200 Ci, xC2 9 0.5
2) | PMy /W)= 22— =—" P(M;n"W)=P(M /W) x P(W) = 222 = '
) | P(M1/W) C. 583 (M1 W) =P(M1 /W) x P(W) C 2573 05
1 2
a- | P(X = 1) = P(IM and 2F) = S1s0XCioo _ 1485 05
Ciso 5146
Xa={0,1,2,3}
3) | p. X =X 0 1 2 3 Total 1
1617 1485 2235 5513
P(X = x;) — 1
25730 5146 5146 25730
c- |E(X)=1.8 0.5
d- | Easy 1
Question V | Mark
Part A
1) | Easy 1
2) | Easy 1
¢ (Uy) is convergent being an increasing sequence that is bounded from above by 1
¢ (Uy) is convergent
(Up) is defined recursively
3) f(x) = g\/1+x is continuous 1
then L = limU, is a root of the equation L = f(L); L = 1 or L = —-0.5 (rejected
since (Uy) is an increasing sequence whose first term is zero)
Part B
cosz[i):1+cosx ; cos(§j=11/1+cosx ; X € [0, m], then 5e[o,ﬂ, then
2 2 2 2 2 2
1) 1 1
cos(ijzo , then cos(§):+ Teosx
2 2 2
2) | Easy 1
3)|L=limy, = Iimcos(2i1j=1 1
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Question VI | Mark

Part A
% 0
+ oo 2
1) (%) N Curve 1
) |, "
a- x:In(1+\/§) 1
2) e Atx == In(1+\/5): h’(l n(1+\/§)) = 0 and h'(x) changes signs (- to +); then h 1
b- has a minimum m 0.5
e h(n1++2))~322 '
a.' Un+]_ - Un = f(Un) - Un = h(Un) 2 m 05
e Uy-Ugzm;U,-Ui2m; ... ; U, —Up12m; (+) U, -UgZm+m+...+m
3) | p. =nm; U, = Ug + Nm 1
e limU, >-+oo; then limU, =+ 0.5
4) | a<1:noroots; a=1: one root 1
Part B
1) | Easy 2
2) | Easy 1.5
y = In(x+\/x2 —1); = x+ Uxi-1; e —x= Jxi-1;e¥ +x2—2xe¥ = x* - 1;
3 y -y X —X 2
A ze g0 = £8 = f(x); Sami is right
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