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I- (2.5points)

Midyear exam

ciladaly skl

In the following table only one of the proposed answers to each question is correct, choose

the correct answer and justify.

A
No Question nower
a b C
Given the points : A(2,1,-1),B(3,0,1),
C(2,-1,3)& D(0,0,z),one of the values ) )
1 ( )3 D{ ) a=-—1a a=1a a=14
of @ so that the volume of
ABCD =5 % is:
The equation of Ellipse of focal
vertices 4(4,0) and A"(=2,0), o 132 PRI
2 | and the distance between the BT A0y -8x-32=10 ;. Ty =1 ;. T3 =1
directrices equal = E
3 | lim [In{e™ — 27 +1) + 2x] = —m too 0
The equation of plane (Q) containing
stlineldl:x=m—1,v=2m+1, 2x-2y-Z+5=0
. ) 2x+2y-Z+4=0 2x-2y-Z+4=0
4 z = —2m+ 1 and perpendicular to xrey ey

plane(p)2x+y+22-1=0, is:

Il- (3 points)

(d) of equation: x =t,y =—t+1,z =1,

In the space of orthonormal system (o, fj E}, consider the point A(0,-1, 3 ) and the st. line

1) Showthat:x +y+z— 2 =0 isthe equation of the plane (P) determined by point A

and st. line (d).

2) Find the equation of plane (Q) passing through A and perpendicular to (d), the

deduce the coordinates of point H the orthogonal projection of A on (d).

3) Consider the circle(C) in plane (p) of center A and tangent to (d) .

a) Calculate the radius of (C).

b) Show that B (-1,-2, 5) is a point of circle (C) diametrically opposite to H, and write the

equation of the tangent to circle (C) at B.
4) i) Show that the st.lineof (A):x = 4, v =4 —1,z= 4+ 3, s the axis of circle (C) .
ii) Point E (v6,v6 — 1,4/6 + 3) belong to (A).

Show that HBE is equilateral triangle and calculate its area.




lll- (3 points)
In the plane of orthonormal system %" 0x, v'ov, consider the s. line (@) of equation x = &
And the midpoint M such that % = %, where H is the orthogonal projection of M on ().
1) Show that the equation of (L) the set of M is written in the form:
32+ 492 +12x —36 =0
2) Find the vertices of the focal axis, the vertices of the non focal axis, the other focus and
draw (7).
3) E'is the point of intersection of () with the v — axis of positive ordinate.
Find the equation of {T) the tangent to (L) at E.
4)
a) Show that J’{E, %) is the orthogonal projection of the point O on (T}
b) Show that I belongs to the auxiliary circle of (L.
IV- (6points)
Consider the function g defined over [—1, +=2[by : glx) =x + 1 — 1 where (B) is its
representative curve in an orthonormal system (0,1,7 )
Part A:
1. Calculate __E@xg:j:x} , ]-]El;g%' interpret.
2. Prove that g is increasing over [—1, +22[ and setup the table of variation of g.
3. Calculate g{0), and deduce the sign of g{x ) over [—1, +2]
4. Draw (FPy).
5. Let/=1[0,3].
a. Provethat gil)isincludedin I.
b. Provethat |g'{x)| = % forevery x £ I, and prove that | g{x)| = % |x].
c. Consider the sequence (U,,) that is defined by: Uy = 1 and for everyn € H,
Upsr = glUy).
i- Prove by mathematical induction that U,, belongs to ! for every n.

.. 1
ii- Provethat |U,.q| == |U,|

1 .
iii- Prove that |I/,,| = — and deduce the limit of I/;; as 71 tends to +22.

PART B: For every point M{x, g{x)) on (P, consider its symmetric M'{x’,v") with respect to
the line of equation ¥ = —1. The set of point of M"is the curve { Pz}, which is the representative

curve of the function: hlx) = —4x+1 -1,

i.Draw (P5 ) on the same system.



ii.Prove that (P) = {F;) U (P,) is the representative curve of the set of points whose

coordinates satisfy the expression: v2 + 2y —x = 0

iii. Prove that this expression represents the equation of a parabola whose elements are

to be determined.
iv. Find the equation of the normal to (P at the point of ordinate C.

PARTC: Let f be the function defined by f{x) = In {g{x)) where (C) is its representative

curve in an orthonormal system.
Show that the domain of [ is:]0, +==[ .

Find the limits of f at the end points of the domain.

Study the variations of f and sketch its table of variation.

(SR =

Solve the equations: flx) = 0 &f{x) = —In2, and draw (C).

(5.5 points)
Consider the function f defined on & =] — oo, +oo[ by : flx) = i :
PART A:
1) Let g be the function defined over ] — o, +oo[ by glx) =¥ —x — 1
a- Find g'(x), sketch the table of variations of g.Deduce that: glx) = 0.

b- Verify that the expression % is defined over: &.

2)
a- Findthe lim f{x)& lim f(x).Interpret. Deduce the asymptotes of (C).
. (1—xle* ..
b- Showthat: [ ix) = —=_,z and draw the table of variations of .
c- Draw (C).
3) Let (T) be the representative curve of 2 defined over R by h{x) = —

B —x

i) Show that the axis of abscissa is the asymptote of (T) at the ends of its domain.

ii) Find 2'{x), sketch the table of variations of /2 and draw (T) in the same system off.

iii) Study according to the values of the relative position of the curve ()
W.r.t. (T).

iv) Calculate the area of region bounded by (C) ,(T) and x=1.

PART B :

The study of the sequence: U,, = f;! [f(x)]dx and the sequence ¥,, = U, — n.

A —
a. Verifythat: U2y — U, = |~ flx)dx, deduce sense of variations of U,,.

e

b. Verify that f{x) =1 + :_ ,and show that: U,, = n + IE“ —— dx.

c. Prove that 1V}, is increasing.



d. Assume it is given that for all x €]0, +2[ we have: e —x = —

deduce that: 0 < 1], = ||:“ 2xe *dx.

ax

"

= )

e. Calculate:], 2xe™¥dx, anddeduce that: 0 <= Iim T} =2,

Correction of midyear Exam

=T oo

GOOD LUCK ©

(5points/40)

=-1{a—-1) +1[(-a + 1) — 6]+ 2(3)
=—-a+l-a—5+6

=—2a+2
. |—2a + 2|
Volume = — = 5:|l—a+1| =15

—a=14 ; a=-14
—a+1=-15 ; a=16

2- et 4+oyiogr—32=0

—— — _l - l
BC.(BAANBD) = -1 1
-3 0

Correct: B (1.5pt)
Correct: A (1.5pt)

3- lim. . [In(e™?* — 2e™% + 1) + 2x]
=lim,._.[In{e™2* — 2% + 1) + Ine**]
=lim. ol T3 — 2075 4 1) 22%]
=lim.._.[In{1 —2e¥ + e¥¥)] = In1=0 Correct C (1pt)

4- 2x-2y-z+5=0
Correct C (1ptO

Il- (6pts/40)
1) A €(d) since xy=0 ,t=0, yp=1, t=2
Aep) since 0—1+3-2=10

(d) lies in {(p) since t+(—t+1)+1—-2=10 0=0

| b b



2) Ng=V;=(1-10)

Q:x—vy+7r=0 (4E0)
0+1+7=0 r=—1
Q:x—y—1=0 ; He(d)sincet=1

HEQ sincel—0-1=0
Or(H) € (d)and AH.V, = 0
3)
a- Radiusof (()isdAH=+1+1+4 =46

—-1+1 }':_:_}':. —240 ,
0= , Vv, = =——=—1,z, =3 Then

2 ’ 2 A 2 2

.k'E+.k'H

b- .x:‘q ==

(B is diametrically opposite to "H"

Equation of tangent (TJto (C) at B:(T)is parallelto (d)x =m+ (—1)y=—-m—2,z =5

=4
4) £) (&) perpendicularon (P); V, = N, (1,1,1) Thend: jy =4 —1
z=A+3
— EIxHE HE:"-?)-CHS' 437
if) A =+/6;thenBbelongto 4, HE = BEE = HE agrea:—— = —*— = ——"unit
area.
1li- (6pts/40)
1) H6,y) eld), 200M)?=(MH)?;4(x*+yD =x -6+ {y—y)?
Then 3x? + 4yv? + 12x — 36 = 0is (C) set of M.
2) (C): in— E_: - 1—,. =1 a=4 b=243 center W(—2,0)
Ellipse
In X'wX, ¥'w¥ inx'ox,voy
A(4,00 A'(-4,0) A(2,0) A'(—8,0)
B(0,243) B'(0,-243) B(—2,24/3) B'(-2,-243)
F(2,0) F'(-2,0) F(0,0) F'(—40)
3) 3x2+4y? +12x —36 = 0

6x+ 8" +12=0
x=0 4v?-36=0
v? =0theny = %3

. ' -12 1
(0, -3::' then Yigy = m—— =-=

. i )
then equation of tangent v = —-x + 3

4)

& 12, . R 12 & .
a) I, 5 )isapointon (T) since ==~y +3

-




o
1]

Slope of O1: % = 2 slope of :::T}:—% then 81 perpendicular on (T}

Then coordinates of I verify the equation of the circle I'{

o II:I'\+J

I £ to the auxiliary circle R = a = 4 center w(—2, 0) of equation (x + 2)% + v* = 16

I

2 then (£ + 2}]2 +(T) =16

(4]

or prove that Wil =a =4,

IV-(13point)

(o}

Part A:
1) lim g{x)=4cc lim ‘?:_ = lim u: —-0 Asymptotic direction parallel
B =" e == ==
X'X
{ N — 1 - . '.._ N — —
2) g.x;_‘ﬁ,}ﬂ ; gi—=1)=-1
x -1 +oo
E\-" _
g _ +oo
+1
3) gl)=0,g(x) <0 whenl—-=x=0 , glx) =0 whenx =0
4) Graph
5)
:\) {"'::I"‘l"l = |"'I’- r\-'::'?\l =1
gllo,3D=1[0,1]c1
ppany 11 1=ERT IEFLASEET) —x -
b) T e oy iy -l
P - 1 — - i 2. [P R, it o 1
lg'(x)l =-forx € [0,3] , |glb) —gla)l =klx—al ,|g(x)| == x|
c)

PART B:

Uy=1€[0,31=1 , U,=][0,3]
0=U, <3 Theng(0) = g(l,) < g(3), 0= Upsqy =1 thenUpeq €1
since [g(x)] << x| then [g(U,)| < 2|Uy| then |Upey| = Uyl

By mathematical induction [/ = 1 = % =1

. 1 1
Given |U,| = — show that [Uy.q| = —
1 101 1 . .1
Proof: |Upsq| == U, =X = | Upsq| =5, lim U, = lim —=0
5 R P st e 21

And U, =0 then Iim U, =10

H—T oo




i) Figure is deduced by symmetry about v = —1

i) v=tx+1-1;v+1=%yx+1

vi+2v+1=x+1 then v +2v—x =10
iii) Parabola since (v + 1)% = x + 1 then = ¥? , find vertex, directrix, parameter.
iv) Equation of tangentat o, 2yy' +2y —1=0, y._ ==

Slope of normal = —2 equation of normal: v = —2x

L
4 il 2 / 1 il 4
N

Graphof g{x)Uh{x)=tvx+1-1

PARTC:
1- glx) = 0 for x = 0 then domain of f(x) is ]0, +co|
2- lim f (%) = In(f(0)) =1n0 = —oo
= i
Im fix) =In{+eoo) = +oo
x—+too
lim % = 40
=
3- Fl)=220 g >0andg'(x) >0 , x€]0,+oo[
glx)
X ; Q +oo
o +
f ; / +oo
| —co
i
4- flx) =0 glx) =1 ¥x=3:(3,0)

flx) =—In2 ]nlzgl::x}] =—-In2= ]n% Then glx) = 3, Ji+1—1=2>thenx=

-

B |

e | LN




X125
y:-0.69314718

1

; ; 7
-14
2
-2
Graph of f(x) = In(g(x)) = In(-\x+1— 1)
V- (10pts/40)
Part A
1)
a- glx)=e"—-1
¥ —o0 0 —a
g'(x) 0o +
pom | o2 —2
gix) \ 0/
gix)=0
b- e —-x-1=20,e¥—-x=1,; bﬁ is defined on
B —x
) .l-":". Yy &
=7 pi=ry X
. o o
a lim, . f(x) =——=0
; () = 1 o =1
I]_]Elx flx) = A']—]rIElcc i S A]—]rIEl’.c 1-—= 1-0
y=0(H.4) y=1(H. 4)
rrony e let—x)—-lgF-1)eF | eF(—xt1)
b- fiix) (eX—x)2 [e%—x)?
X —oo 1 —0o0
fiix) + 0
| T TN
c- Graph

a)lim,_..hlx) =0 , lim hlx)=o0,y=0(H.4)




—s+1

L
=

o

L—
I

Il

(g¥—y)2

X —oo 0 —oo
h'{x) + 0
. 1
x) 0 / \ 0
Graph (T)

c) flx) —hix) = E:_i , forx = 0,(C) is below (T) & for x == 0,(C) is above (T)
B —X
Comon point (0,1)

-1 El_ N Fo o '-. .
d) Area=], ——dx = Inle* — x) é=0.54 unit area.

PART B:

mEL . o A mEL o
Uper — Uy =, Fladdx— |, flx)dx= | flx)dx+ ], flxldx
"mFL e, .. .

fI_,! flxldx = o and (U,)is increasing.

- o ¥ N x - N x - x
b. (x) =1—— U, = dx+ | dyr=[x]"+ |, —dx=n+ | dx
flx) g ! Un T g Jo v (x5 + ) T Jo w5
~ M x . ~H x .
c. Vo=U,—n+ ], =—dx—n= ], ——dx
B =X g —x
~mntl T ~nt+l
| ; J * ) J * ) Y dx |
a1 — Vo = —dx— | ——dx= —dx =
a &Y —x o BV —x n BV —x
- Ex - ':". 1 - : - - :
d. g¥ —x——=0,8%—x =—, — <. — and theno <= —— == —
2 & B = B~ - i 4 B~
- . X L 2x
X 0 then 0 = — e
B —X (=
0= [ Z—dy=["2xe*; 0= [
o gx_y J J

3 ::, -1 -) L i |
0 mAX = Jy 2xe % dx
Then; 0=V, =], . -

Then; 0 =lim.,V, = lim:,.—

— i 0 lime, T, =2
o



10



